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A BSTRAC T

This paper deals ~:ith observability proper t i es  of r ea liza tions  of
li ne~ r respo nse maps defined over commutative rings . A characterizebj on
is give n for those n~aps which admit realizations which are simultaneously

• reachab le and observable in a strong sense.
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IN ’IRODUCTION

Observability is one of the central concepts of system theory (see

KA IMAN. ARBIB and FALB [ 1969]). We study here some aspects of

observability in linear dynamical systems defined over commutative

rings. For motivation and for a survey of results on systems over

rings , the reader is referred to SONTAG [ 19761 ; for an elementary
mathematical introduction the reader is referred to EILENBERG [197)4,

Chapter XV11 .

Let R denote a commutative ring .

Consider a linear system

x(t -1- 1) - - Fx(t) + Gu(t),
- 

y(t) -~ I~c(t), t = 0, 1, 2 

where x(t) is in X — R° (n-vectors over R), u(t) is an rn-vector

and y(t) is a p-vector for t 0. 1. 2 and where F. G. H

are matrices of the appropriate sizes .

Intuitively, observability means the existence of a procedure for

determining the state x(O) of T from data obtained by experiments of

the type: “apply an input sequence u(O), u(l). u(2). . . .  beginning in

state x(O) and observe the corresponding output sequence y(O). y(1).

y(2) . .. “. Since ~ is a linear system , the effect of nonzero inputs

can be substracted from the output sequence. Thus we may restrict

ourselves to those experiments in which u(t) 0 f~ r all t 0. Let

0(x) denote the output sequence Hx, FlEx. H F x  Then for linear

systems we have the following characterization of

(a) Observability: each state x in X can he uniquely

determined from 0(x).

This question was studied in KA LMA N ~~ ~~~, Pefinition 10.11 for the case

R field . In this case, (a) is equivalent to the possibility of

determining x via linear data processing schemes. In other words, for

each x ’ in X (where X’ denotes the set of costates. i.e. the dual
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of the state-space x) there exists an R-linear procedure 
~~~ , (i.e.

an R-linear map from the set of output sequences into R) such that for
all states x in X,

( *) x ’(x)

(see KA U4~ N [1969. Definition lO.~. and Theorem 10.101). Because of
finite dimensionality, condition (

~ ) can be also expressed as

(b) S-linear observability: for every x ’ in X , there
exists y , in (R°~)’ such that x’ y ~oOX X n

npHere O~~: X - R ir r iven by

Hx

~~~~ 
HEx -,

x

T . ’ ;’r .~~t~~r.~~ (‘~~ 
(h) h r € a F , ”~ ~nwn ’~~n P an an ~t r-iry rin~

- .

(‘m n  b ’  f r  i n s t ~~n~~’ a r-y~-t  rm over P : Z w i t h  n ~- p 1, F 0.

a n t i t r ’a my or l ’ )  H : = fl . The system w i l l  be observable  in the  sense of

(a), n i n - ’ r ’  t h e  n t a t o  x m a n  be recovered from t l ’ ~ kn owl er lF e  of the

ror -r enp r )n  I n c  out p r t  y ~x . On the other h a r t , o - r -v r rbi  lity in the

n~~n n e  of (h )  does art. b olt , because division by cannot  he performed

w h en  =ne rv t i ng over Z .  i c il a r  d i f f e r encen  arior c (n) and (b)  when

R r i n c - r i  ne  in cont ~ n u o i r _ t i m e  s i t uat innn  ( f o r  examp le. for delay—

d - C~~~~n1 lal nyn~;rmn).

The - m o  5 / f j  ci. I I further complicated by t h e  f ac t ,  that  canonical

~-“al m a t  I r a n  a re  ant  a l w n ,y n  f ree , (unless S -. pr inm~ pal ideal domain)

I .e. . ~.h r I a t ~e : - , t ) - m4 r  c anno t  he described by i nd ep e n de n t  coordinate

a- w~, take t1re ~ — n i  L ion  that som e not.~ on of r o °r f l  nate system is

r i ° c ’bc I I a or’ Icr  f r  t he  m h~’’;o probleron to h~ m a n a ~’c n h 1 e .  Therefore , we

sha ll ~~i Iy  c ~nn i - l en  response maps for which the canonical state space

a-h’~i 4 n ( n - n l i l o r e n  l ” r ~ ) r - - r b  ~I v t e 5  (pro .i e c t . i v e  modu le s )

L - ~~~~~~~~~~~~~~~~~~~ n~~~~
--~~~~;~- — 
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Condi t ion  (b)  is related tosuch important system—theoret ic questions
as the existence of observers with arbitrary dynamics and the p~’oblem of
regulation . According] y ,  we propose to study in this paper conditions
under whi ch  the canonical realization of a given response map is
observ able in the (s t rong)  sense of ( b ) .  For integral domains , this
is achieved in Theorem (2.1) .  which gives a necessary and sufficient
condition states in elementary terms . For rings with zero-divisors ,
a similar condition is given in (3.1). The pr n n f s  re ly  heavily on known

r e a l i za  L i o n  i ’osi i lt ,a  on n y - -tens over r ings  togeth~~r w i t h  norn ° results from
c o r m o i r t n t i v ~ al cebra an  an  apparen t ly  new c r i t e r in n  f=r  the pro ;iectivity
of’ l-~~p m = i  m r — m o - b i l e  of a ma t r i x .

The i — - s i r  t~s of I h i s p per have applJ c ’m t i  —an I a i~ 4 . t t ” nr y af  regulation
of’ n~1a v _  I i f f er e n t i - 1 1  syst a- . we i l l ims i  ra t ‘ ‘ r ’ -w I n  a a p pl i c a t i o n  comes

ni -n t tb roach an example , a n - - r n  complete i i  s cans  1 -m h a v i n g  been al ready
r iven by t he  author in SONTAGI 1 Y , ~1 ecL ion ~.D ’ . (‘m a n l I e r  a delay-differential
sys tem w i t h  e m m a f ,  i r is

( t 1 L - 1 ~ x1( t ~ -~ x2 (t ~ u (  t~

-‘ x 1
( t  - 1’

~ — ‘ x ’ t — 5) t u l t  - ii

y ( t )  = x1
(t )  - x_ (t  - 1).

If we 1.nt ro~Iuce the delay operator n defined by

(~~l ( L ~ : -  x ( t - 1 ~~ ,

w -  can i-e~i r i  f e  ( a ’ i n  m a t r i x  form as

5(7 I ,~i 
X
1~~ [11

- ~ 

- - ,i j ~2j L’~ i

1 - i i]  [~]



We see then that (a~ c - - r n  be expressed in  a for-rn very similar to

the ordirm-u’y finite-dimensional constant linear systems of control

theory , the onLy difference being that the matrices (F, G. H) now

have polynomial instead of real val ued entries. When all the delay s

b ., in (~~I are integral mnu].tiples of ri f ixed  delay N , we
can npp i y the sam e proced ure rio above , taking now for a a shif t of

seconds .  If , i n s tead , the delays in (
~~ ) are not commensurable, we

need to define a finite set of delay operators cr1. and then

consider systems whose matrices have entries in the r- rjp of polynomials

~~ ~l’ 
(T

r 
denoted by Pi n-1, ~~~~~~~~

A I ‘t r - ’rl c ’ ’ a ’n - T h c - e r - v o r - , “ =t- erministic Pa l a - a i r  t ’i 1 nv , can be

c - st . ,-; r t - ( n  I f’—’- (~
) f a r r a a l l y  an  i~ t~~~ c- se of r i c h , ’— i ’- - e r r s l o n a l  ~. inear

n :v n -  , ~-y rb i t. ’a r ’ v  m acn o -cone  r a tes , p i ’ec inn iy  w r ;=n the system (~
(w~~f -t i p n l y n ’ = ’ : i a i  r i  cc)  i s  -- tn servatr l e  in tb - ’- s c r i so  - -f ( I ’ ) .  Given a

I - i - n y —  I f t e r - o r t t  m l  syn t  n -i Inscribed in thn  :i;rput . 1 — - r t  pa t n e - i sP , the s t andard

c ‘ - - r s f , i - ’ r H~i o-i -f a r e r r m l at n r  ( o b s e r v e r + r i t , a t n — i ’on- . n h n c k )  i n ;  n - sn’ib i e  if and

l y  ~ f 
tn - -- n -n in n real I z’tion ( i n  the  ri  - — s ’ - n s - -~ a ‘-n i nervab le  in the

n~~n sp  - f ’ (i-) . In ± n  ç’r 5,~ -r f in l i,e—d irno-rn - i- ni ’! 1 t ry: -- r n such ~ property

a 1r .-- m ,-~ i , o - I e ;  in  t h e  ( m l  my~ Ii f ’fei-ential  c i s c  a - nt  nr ’t.in-~~ necessary

an  1 s r r f u ± m i e - r t  c - r n l i t i n is riven by ( .1) applied tn S- polynomial ring .

It is i r t e r -m o t i n g  to i-en-ark that the not ions  of p ro lec t ive  and free module

coincide in this case (Gerre ’s con,jecture ,’brm illen ’s theorem ), so the

ri -~ r a ‘ ap i  I t -. ‘ - ‘ - - ‘ i i  a at i n ” I.: ‘iei ~~ tr i , l r h i- ’- - :  ~~~ a r a i i r r ’~ I o n

o f (? . i )  t o  l i - l a y — d i f f e r e n t i r r I ry:r t cr :-s  c - s i r ]  i s  t , 1 n ’ - n  in a ‘-osui.t of’ high

i S ‘ ; i  l u - a r m ’ ~~ - n m  m u ’ - - f  - — p e n  t’r -~~~ ‘,‘. - u /  5 ’ 1 ’ ’ ~ 
st.ic’ ate I alreb ’n .

A(~KIIOWI FPG1 Th I’EHT . The author wishes to thank Dr. 5. KAT€N

for bririginc the problem of existence of observers to the ~~~~~~~~~~~~

a~ tnnt inn , t I r u ~ rn- n t  i va t ing  i}1e research reporter l here and Professor B . E .

KAIl’A l fo’- numerous suggestions concerninc the preparation of this paper. 
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1. 1 EFI (TI TION S AND NOTATIONA L CONVENTIONS

We s t r ~~l l mssurne t ) i r n i r u 1 m - - n t ,  this paper that  P is a (commutat ive )

~‘Ioetherian r ing , i.e.. every i-teal of P in f i n i t e ly  generated . For 1 ’

r ’nanmu t at ivr ’  r ings  th is  is a very weak restriction a’d it simplifies the

expos i t ion  cmn siderab ly .

We n I n a  11 r I s e  the  ;r ’ - t r t  ions :

:-- free R-modul e in n generators , i.e., the set of

( r - o I  i r  -~~~ n—v ~ ctors ;

a; 
-ref . of n ‘-( in matrices w i t 1 ; entries in 5:

:- ~ : ensor  pr o- t act  -f R—rno dules

-- the ~~~~ ‘ m F  r - n x i n r a l i , t e a i s  of H:

: — -  t i re c r u n n r r i m n i r - :an  R - H  I-! . f r  -i i ’; C

If C is in 5~~m , then Ik(c) := i leal generated by the set of

all P ‘~ k minors  of C. If r: S - -
~ :i is a vi nc b c : ’n r ; o r p l r i sm . then

= (-a n . . ) ~‘•~~ -
.

10
We n ail i-Ientify an S—linear c-a n  H -~~ H with iti r matrix when

+ He r i  in 0)5’ - !  : 1 - :  -a r - m i t ’~ I 1 - u  !-~~~ an

(1  . 1) ppj rJJ ~~ (]~J • LeL ~ i-n an S-module. Ttm r du” 1 N ’ of N is

t i e  P—ia - I a l e  c°ns I st tr im of - ii H- I ¶ r r e ’ I r -  n - a r :  ~‘ r - ’ ’rn ‘-I h a t - n  R ( w i t h
1 ];e p o i r t ; ’ r i s r  o p e r a t i ’ n r - .~~ - i- an h— m o- br im i i’ a -r - . ’- ’-p1 - i s r r  f :  M ‘N
t i n  t .r-’ -nt l ’m’~t

-e f’ : N’ - N ’ is f _ i r e  S— l i n e - u i- r n - p r ’iv m rr I-y f ’  (u)  : =  u~ f

a l l  U :  N S.

W’- ‘-h a il —- - - r h w th LI - n following defini f , inn of a m -c=iec’t - I ye module

(see P o l T ] - i i ’ A V F  ‘~~~~ Ig~’t -r - ’- , T I . ’ . , t r i p.  l~ ; A lg~hre Commutative , II,’ .

T n”’- . p1 ):

(1.;-) I-h-’UIITION . p i~- -  (finiteLy generated) j-rojective 5—module

j f  f ’  “ y ’ r ’” n~~ 1 1 . ,‘- i nn- -n I t’; v v in P a a- I ii irma r V -i-ms v ’ _____—— - 1 n —  1 a
in  T t  a - i u ~~r I , ! - t i -  every  v in P,
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n
v ~- v!(v) ’v .i’-1~ 1

P has r - u r r k  s i~~~ for every Id in ~, the vector spaces P ‘~I ( R / M )

inane equal  dimension s, (Otherwise the rank is not d e f i n e d .)  - ‘

If R is an in tegral  doma in  wi th  quotient field Q,  the rank of

~ is always def ined ;  it is equal to the Q-dimension of P -
~ Q.

See BOURBA K I 1Alg~bre , II.~~.’-’n] for a discuss ion  of these quest ions .

(i .. ’) RE MARK. Let P be as in ( 1.,?) ,  na-I  suppose t h a t  f :  P -4W

is  -- ri P — h nn- -na or p b t s m f-a r win ch f ’  is s u rie c tiv e . Then f splits.

I. e. there exists g: II - -- P such that g’-f  = identity on P. Indeed ,

since f’ is onto there exist u. : N — 5 ,  i 1 a, such that

u .~~f v~ . It is then enough to define
1 1

a

r (x) : = i i (x) ‘v.
1 1  1 1

for all x inn N .

(1. ) PEPI ]I ITIO N S . An ( n-n . p ) -r e~~~ n flJs’i~ f’ over H

sequence (A1, A 2, ... ) of matr ices  in R~~’ . An (an , p)-system

- -  (X .  F. I . t i )  over H is given by a f i n i t e l y  g en n r a t e i  R—module X

a ’ r t  S-irr - lule homomorphisms F: X ~ X . 5: 5
m 

- X , H :  X -~~ R~~. (If  clear

from t I e  context, X is not explicitly displayed .) -P is pro~ective

free. . . .1 when X ir, pro ,iec t ive ) f ree .  ... N h a s  rank n if X

is r’rn~ n r t i v e  of r ank n .  G i v e n  a response map f ,  a system P

in .a r liz~~ ion of f Pr~ vi-I e1 that = rnt’°~ ’1s for all i. The map

f’ Is renl.izable if there exists at least m ir e r eal i za t i on of f ,  ~~~
rank - -f f is the smallest integer annon~ tine ranks of pr o i ect ive systems
c-al i s i n g  f. Finally, the dual of P is the (p. m)—system

= (x ’ . ~~
‘‘ . ii ’ . G ’ ) . 0

— 

~~~~~~~~~~~ 
‘ 

~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~ - -  ---
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For background concerning these d e f i n i t i o n s ,  consul t  KA I2-IAN , FALP .

and ARBIB it ’) - 9 1 ,  EILENBE RU [ l97)~, Chapter Xvi i or SONTA G [l ~~ 
(- 1 , The 1:

tertninolo~ y “input ioutput map ” is somet imes used instead of our

1 - i - ; - i _ ’ - - ~~r -

S i n E - r n  V (A 1. A2, ... ), let us def ine  tine block matr ix

A ... A1 n
( 1 . 1 )  !i ~ 

-- 11 ( f )  :—

A
1 Ln—l

Fm- - each a , fhe n — t b  n i - H er  reachah i t i t y  r - e n p .  observahili ty map

~ s . i e u i ’ n m d  ~~ 
~~n 

~~~ . 
~X {resp. 2,~

: Y ~~~~ where

R is given , in i-lock f -n - n .. as

(i. - a  : ~N ,

a n - I  0 ~~;: n j - e n . I r a  b l oc-i- f o r - i n . as

H

HF
(i .  )

1FF” 1

f l ( ’~~F- - .ip ‘‘ni a .t P r e a l i z e s  f i f f  I t  : = 0 --
~~~ f - -c all a.

—n —i n in

~a - n r m n  X - -as- I ‘- gn n -en - a i  ~a I by a el enrern~ . l--~- nmefi ro~ P. ~~ he

i -c ar n a l - ic - r e a p.  nhs u ’-”~’~~ Ic , r esp.  cas ion ic i - i f f  R is sur .i ective

n-esp. 0 is in1 m n~,t  i-~~ . n -e n -p .  P is reaclr’ble in n - I al-aervnhlel

Tine f -n i  l ow ] r ig i s n new

(i .9) 1 1  1 Nil’  1011. t- s y n - L e n r ;  N in  api i I. iff I Inc f o i l  owin r ’  t h r e e  

- l I t  i - — n r a  t o t - I

( i ’ )  Y in  ‘- - - p ci

(ii) P i n- reachable. an-I

— 
(ii i ) N’ in ; r -c -ac 1 al -ie .

_ _ _ _  
— -~~~~~=

, 
~~~~~~~

- 
~~~~~~~~~~~~~~~~~ ~~~

‘ 

- -H_____________________
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The response map f s~~1its 1ff it can be realized by a split system.

Tire t er m i n o l ogy  is mot ,iyated by the fact. t b — h  0 ~pi i f.s ( c .  f .  ( i . ’) )
far aol i~.. N ,  wit-~i a generators.

It is ‘~~-t difficult to  pr-ave t1 iat a split 5:-stem is necessarily

m a s n n r n j c a l  . I-Then S is a f i e ld , it is clear t b -at ,  can orl i --al = split .

(i. a) HF’~1ARK . I-The ir Q. is an overr ing of H ,  any input.1 output map f

mn-pr H c-an n be rn— n t,uraliy seen as a-i input output map over Q. This

app]  ic- n- i- a m a r t i c n r l . -ar  to an in tegra l  domain R and its quotient field 0 .

Pare gn a t  lv.  hca l. i-c- ant ’ B—algebra; if P is a n~-- -i en- n ave r -  H t h en

7 0 i s  e f i n e d  r a  t h e  sy n t .enn (x -:3 , p -‘ ~~~~~~ ~; ic- , H 
- i t . )  over S.

If V is a response -n -nc on-er- H , then f -~ 0 is - i c - t i n e - I  as t In e

r-es n acn nn r e over S give r Up I!r . - l~, ) .  In other  w o r d s .  by t I r e

where  t :  R - -- N is the map defining the

-m l  gebnna at. r-urrtur e .

c-: n n - t n - I t - c  f ( ] - ) .  X( I-1 ) , etc.  inste al of f -
~ (s ‘t- ) . X ~ (R ,.-~-1) ,  etc .

i n n -  P in

a~1~ ~- f ~ } “  ;-~n in; 105 t 1t ’e restri nti on err P ~‘ a l — e Noetherian

in the V- -i I - w  inr o in n n o c i a r r t  result due to ROUC iIu NH/ill . ~-,a,m n ,7~]~i , an l  KAIJdAN 19 721:

(1 .1 °“  ‘i F F O Y ’ N .  ]~ - i  H - n l i oe t l r c r i a r ir it e i in l f’ 1 - I - a n n a  i r r , Q its

cm --I re it. c - ]i-lJ. :c-t f 1 u- ~r r esponse map over H. fuppose that

f ‘ -) H jn’ ’-enl Izn ~1 - lc- ‘~~‘ c ’ ” -  H .  n - -n f i_ s ; - c - n l i z n u l - l e  - ave r  S.

~~~~-“ above reference or’ the alternative proofs in

FI LE ’1PFh, r - H , (‘r a ;~t e r -  XVI , Theorem 1 .11 ~nrl SONT AG I b Y ’- . Appendix t . fl

-
. -

L. — - - _-
-
~~~~~~~~~~~~ -~~~~~~~~~~~~~~
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2. THE MAIN RESULT

Tire m a i n  result of this  paper is:

(o .l ’i ‘F ]p -T) H i-al . l et  B l’e a N n — e i P - e r - i a n r  i i i t t egr a ~ - 1 - n a i n ; .  S i ts
quotient Hid - I . aol S a n ’ e n p . - n m c -  - n r c  a- er - H. P r p ; a a s e

n - a r n k (. f = 0.

line r ; f n-p li ~~s it ’ run only if In ( t I ) = H .

F -ar  H = p r - i~n s. i I ’i I — i d e a l i sm -n i n ; , t he  a - an I i i  t n - n ;  I , (H ; ) ~ n :. e nm n s t i n - at
f I n C  t - ‘ -

~~ c-a - n- -ann In-is o - - - - 1’ -all n ~ n; n j  non - n- a-f II must be a. u n i t  
-— ‘- t i n -  H 1 ’ r - i ~ .- t ~~p,- -ro -i n;lr-n a n - , 9 - ’  ( 2 . l~~ Pi n -e r r  -a - n - ~nirl

r a i n  1 it i v ~n f - - n  m : - : i a t n n r n c e  of f r ee  split realizat L anrnn over pr incipal- ideal  domains .

7 , c ,~~~f - f  (2.1) vii] i-c .i . i- lave i n i n l i l  c en t  ‘i n  c ’ n n i - ; a 1 c t~ are

c - - ; ; i t ’ i  i s h =  1.

HOe - - x ’ n-e su l . f . in u s e f - r i  i n ;  nt’r iping g~~en - t  i ’s  - H  m ; a l i i . i t n_ .

(2 . :- ) ~~- f l - -0:~ ITIO1] s t e m - ove r H p - - i - n c r - - :  l1~ if anni - -- n i-i if

H n -a - n y  P in  - the ‘- n t - e n - :. (ii ) ~~~~ ~~~~ 

I HOOF’. If P lr ns a r-ernen-ators t i- n a c—n -In ~(n~ a~~ - i i n - n e n s i n n n
- -~t ; -r - c a  I -- n - t I - a n n  n - n .  TI;eref- i-c tire pr - cdale n - -. Is t o  5 1 n n w  I hat

~~~~U n ~~~~’ 1  Pie ev e r y  
~~~~~ ~L~~~Ln i’1 ’~H

P i n  in  i n n n n ’ - i i a t ”  II rn i o l J cn ,A i:T t~~1.c-~ b cc - . n r ; I a t i n ’ e I I . - . t . H- -p .  111.

(o - . -- ~ t n I~~n - H 7 t ’.TT O N .  ~~t be in ~~~~ a r - l  let n i-n i ni Cs , t ) .  T I n e’ t

H i f  - - - i  o n l y i f  ; - an t
~k ~~

, n f l  > a H -r a l l  P in -0 . Inn - l e e 1 . t h i s
em ’  j ” j r m - ; ~ 5 c - 5 0j  a e--~ to E l i ’  , ‘x i  s t e rn - c - , f- -n- c - n a b f/ , m l  a a r i a - a r  of or 1ev a

n f ~ I ’ w h i c h  i s  n - a n s ~~rc- in 5 , M.  In ni t n c - r  ;-: - - i a . f’--r ac m r .: i } c i - e  is

in r o f ’  or d er n of C cr - - i in II. This ca n  o n r I v  h a m p e r ;  w l n e n r  the .1 - i c - n t

is not con r n .ai;r ’— .I in a i r y  m a xir n nal j ima] • i. e .~ i f  i t  is not proper. 0

~~~~~~~~~~~~~ ~~~~~~~~~~ — ~~~r- -----~~~~~--~~~~ . ~~~~~~ ~~~~~ -~~t’---~~ --- - -
. 
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(o . H )  ‘i T i f l a, t i  o~i. Let S be a_ con~nutat i- ie n - in i~. iruppo se that
p (x r ’~ ~~~ , I I )  

_ n mica l  p ro jec t ive  r e a l i z at i o n  of f of

ran k n - n . T n m a  t o i l o w  : g  st , - rnL e nn ren t s  are then  euu iv -a  l e n t ;
— _________________________________________________

(a) V s p l i t s .

(b i  P is a split  sy stem s . -
‘

(c~ T is n-eacliabh r’.

(H) 
- ‘ ( ~-~) inn r e a c h a b l e  for every ~~ in H .

~e) - ( 9 ) ’  is neni n a r r a b i e  for every P in

(i’) - (
~~) is - t - s en - v h t e  f an-  every lI in -

.

(g )  :-: (~-~) is cnm nn - a n ; caL f:-r every i-~ in I.

(n) rank f ( V )  = at f - a n -  eve ry H in; 0 .

I ( n . )  =-  
• 

h — ’-- r a n k  a n c - n c - n - v  P i n n

‘ .~~~

‘ 

. r - ) - in .

(H 1 o ( - 1  i n  S n a k n t - n - ever-p P i n n

i f  P 1- i --a, n n- .a nh -av. n — t a t  -: - n r . ’ a : H ‘ ‘ - n c  ‘- l o  c q l ; i n T a hE- n t  to:

(; ) ‘cr~~~n~

‘HOCI- . F l - - s  - - i n - e n -n e  t t i - t  s i n = e  ~~~°hi  H P in  a H i d  I . I ln e

e ;-:i-e~ ( e l , ( f )  np - - I ( i-n ) .  a _ _ i  4 1 n e c-F r i  a t c n r -e a m n - n n g  (g I . ( h )

a o l  ( i)  - ‘ n°’ a l l  w e l  I — k m - v - n  f a c t s  (n - c - c -  f -ar -  i n s t ~~-; ’r- ci , r ’ n n i  ‘HUill , an-I

Pith I~~’ a- - i , (° - n p t e r  in ). di -se rn - ’t i-~n; (~~.- .i i -es I - - I  ( i )  is equivalent .

t o  ( , )  nn ’ n I t a t . ( k )  i n  E-n im i ’ :n l r ’--.t I - a  ( ‘ 1 . c- f - -c it  wil l  k - c  en - -a u g i n

I . 
~~‘‘‘~~c- I n a l e ’r u i v a l r ’r : c e  oH ( - a ) .  ( i ) .  ( c ) ,  ( - i i. (~~i ‘ - n  I t - 0 e  equivalence

of ( S I . ( c ) .

( f -)  r - ( n n f l -;a ~~e ’ $  t o  (il. Any npllt i-c— l i sa 4 1 - a - n - .~ - a f V is

-a p a ’- I  1 - - n an’ (‘ - a ’  - I c - n ] . i: the Urr ia m lr a ’nc - s n ~t ’ - - 0 -r i  ‘21. i - e 2 i i z p I  ~~~~
( n i - c  ! ‘ T I - I - H F i H I 1 1 - v  I . p. H i n t )  - 

~
- t i p ~~’~~ r .p 

~ i n  a lso a

n - i ’  I it ,  n-:; n t - e n - n .

_ _ _  
-
‘

— —n-~~~~ ~~~~~~~~~~~ 1:~~~~
-p
~~~ ~~~~~~~~~~~~~~~~~~ -
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~ - m m i  n ’mu i - a n t  - ( . 1  . Th ’j~’ i - i l  . I - c c r r ’ i ; ’ i - i n ’  
~~~~~~~~~ 

- i_ s

a l  i c - ’ i~~ r e ach-ab l e  a n ’ - h  r n r n , i 4 - ~- i -se.

(c) equivale--t t~~~ ( - i ) .  Clear Vi- -n: ( : .H).

( - i l ecuin ’ale- - t  to ( e \ . (‘onsider H in . in f - n i l - - w n -  f ’ r - n

tHe -l is c-nrss ion jn POT IH li ~ O]  t~~ l m n ~e II .  .Pi l i a r  t h e : ‘i c_ - -
~~

a , - e

“P~ 1-e r a - a r r i c n h l \’ I i r : t i f i e l  w i t h  i ? ( p )  (;
~~~ - , - ~~ P - ; - m ’Y’’ ~ Pie is

e n s e nt i a ] fl . T i n - l e n  t h i s  i ] er a ~~i f i ” a t i o n . H ’( P) - rc s n .  c ’(p). c-’ (‘.~) l

in  to  ~
-‘(

~~ ‘) ‘  I r ’enp .  - ; ( p ) ’ . }j( p I ’  t h e - - c  f - -c - “ (~~) is

c m a o n i n - l 1 Y l s -P ’n a n’p in ic  t o  o (p ) ’  . me e q u i v i  I c - n r c - c  ‘r n n~ w c- I c ’ ;- .

( r I  e c m n i v a.le - ; t t r  (c-). tv T - : s P i t t n e s i _ s  - -  i n -  ‘c’ - P i .  00

(2 .  1 Y l  F I n e  H P — s y s t e m s  ‘ (9 )  a r e  re ’n c’l: n - ’- . n-i

e n n a ’ 5 tm ;cn c iv e  ~hp

‘ HOOF of ( - . i ) .  ‘- n ’ - - ’ m n .e t h a t I s p t i P i .  F b i - r n  l i ne equ iva lence
-;t ~ ( a )  ‘ a n n  ( )  in (o . H) sl; -vs t h a t .  I ( H ~~ H .

(‘ a nv e r s e i p ,  sn mp in- an e  t h a t .  I (~ l 1 H . i . e . “. H  m n - a S  n ’ar ;k n- n ’—n -r n ;
f -sn “ i i  7. 7-n- p r - - - - ’c - t h a t  f s p l it s , it i n -  e- =nrn -n i t am nl :-a w I n - at  ( F- . H )

c-a ’; i c -  a g - k - i  i c - I .  Tn ~. I  - n c - n - v - n - i s , i t  mus t  i-c - ‘c I t . t n n u l I n c  c-a n on ic~~1

-
- a c- :‘ pa -- ’-  x 1: -‘ - ni t 1- ty  genc ’ca “ :1 pn  H -a- I  I n e  H - inn -a bile of

r ’P -k  a .

~ i.-a ‘i ~-t .~~c- - - i  an . r is r - ’  i a - a n - I c :  see (1.10) . Assuioe

t I-e n ln ’I V can i-c r - c n a ’ - -a~~c- I i-v s el cn~nc~n i  a .  The~ 
‘- i s  I s ’am orp l r i c

I i  c- : _ n - ,  : l e  , - i - - - c n - - , f e d  by 11 ;e r- n t ~~ n - r n s  1 (lnn ni ’ ;n J , t -n T : I

f e - - Y a m ; ;  . P :  n -ce  a l a - -  ~ O I f l A  I t - a 5 ,  I ennnr ra ( ‘ . i t ) ’ ) .

I a ‘na x i ’~ ‘i I 1-0 1 - . 1- c ’  0 p h

~

; n c -  1 - - -a i i  na ’ i -n ; of H

~~~~ i - - c a l  r i ~~c c o - r n - i n - t i - n c  1’ a l l f i n - - I  i n n s  n - h  w i t h  a , h in

H ~ ‘i 1 h - r o l  in  P ( s i - c -  n i f - P i P T  I P l g e b ’~ ~n - r a I ’ r t i v i  I i .  5~~~ 7 , ‘~-op.  - 0 ) .

P i r n c c -  , ,  i s  a. flat i - n —n - n-- - i ; te (~~~-c F O I J I V A H I  -~l n -~’t-  . n r n i m t . a 4 lye II. ’,Ji .

pi e-a i~~) i t  r - l 1 , a w s  Y n . t ~!ae c a n v - n ; i r - a i n ; t a t e — ; n p ’ ce S V - i-’,,

P. . ‘~a n e ! e (
~~~e :- ‘ , r  is t s n r n n n r p n n i c I n  t i n e :- —n - - - i r a l e  r ’c m ; e r a l r  I

n -v f r ,~ , c- - 1  ‘mmm ’ s  -of I! ( - .- i - w -- I as a c-- f- c ix ‘en-

--mm, 
~~~~~~~~~~~~~~~~~~~~ - ... -..~~~~~~~

‘. - - 

~, ~~~~~~~~~~~~~~~~~~~ 
. ~~~_ — a - ---~

_
~ - ‘~~~~ - ~~~.
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flince obvi-a m s l y  a ~
‘ a , fr -an n t ir e h v p - - -t i n e n i s  - - r i  fOte ranks ,of’ f over

0 a n n - I  -a t ’ ~.jT ovcc 511 It- follows t i n t  11 has m a r s H a -aver Q and

t i - a s  r ank n ov e n -  H /I-I = H
11/TdR~1

. The lemma in t ine i~ ‘PFi’-JDIX can be

apc-iie-1 over RM (wi th  A [1) and = @). Therefore is free.

It follow s fr - - a n-n i n -OT i l iPAKI  IA l 14bre r - n n n r n n i t a t i v e . II.’ .-’, Theo. 21

t i n a t  X is pro ,ie c t iv e  of ra ’nlc at . 0

(o ’ . )  IIFI-T A TIK . In many cases  of’ in t e r e s t  t I n e  r en l iz ’ -t i ’-n s  whose ex is tence

Is r P i i n ’ -’ a l  ( u n — I c r  t i r e  n - i - - a t e - I  tn -y p nvt he~ is)  can -n- in f’ccn t he c --n st r u c t e c l

exp l i c i t ly . l’ or p r ] -n - c i pa h - i d e ’l  Hor n - a.Inr -- . f’or example , i t  Is only

n n e c e s s ’ r - v  t o  amp .l y  the  usua l r e a li z a t i o n  p r - - n c  I a ’c  c e m a c r ’ - a i  i z i  ~rc “HILVE RT 4AN’ s

fo r i rn In s ” ( sc - e  ROU CIL4 LFIPU an r b fi- ON TAG l ion- r 1 ) ;  11 r e r e su lt  i n n  ~a n o n i c a l

sy s t e m  wi l .l  h e  necessarily split. For local ‘ i_ n r a , if is o n l y  necesscry

to 17 ni l ‘ n- i l ’n r n -a t r l x  c- n~ f f b n  Harn -ke l  m a t r i x  s u n - t n  t h at  “fl is invertible :

“H IL ’,H- I-i,Hl r-r ’ s formulas ” c- an  he app l ie -i  ove r the field C ann - I t I r e  r e a l i zat i on

- - i t - - i n n - e l n- - i l l  r i e c e ss ’r i hy  be 0--er H .

Hm ~emn r = ( ] -n , . . . ) is a sc-al-an’ n’espnannse ‘-nap a n - i  t h e  formal n a —-w er

s e n - i_ c S  ~‘ a . Z
1 m r  exp r -e s- -e- ]  over R as p q,  where p. q E R z l ,  we

n - n i p n - t a t e  a c - - a n n - l i t  i c-rn . l i n -m - c t l y  in ter mn n s of t i e

‘t n - -a n n n - f e r fun c- ’ I a; ” p q .  G iven  two p oly n i -mmin ] s p. ‘1 ~“ er S we denote

Jo’s n (p .  - n )  ~ n c- r e s u i t - t - - h  n--f p and q (see l4101G V~- - - . p. iH- 1  ). mi~
i s  a - n  e T c n - - - a ~ of H .  P e n - - i t  H ] J f l n ! u A Y , I  l A i c ~~l - n ’ e  pu 4 ’ n ’ j - c ~ r T l 2 1)  that

a’; i n ; t r g n - a  1 -1 ‘nrn ’-’ i n n  P is i ;n t r - c r a l ly  close  r I “V for  a n :’ equat ion

n n- l(~
) n + a

1
Z -f ... -~- ’ n = O

(n ; l - i - - .- n i a . ‘~re i n  R i  every s - - l ’ m t i -  ‘n i n  H is naeresn-arily in P.

a~’ j ’  H a . u n i q u e  f a c t o r  n a t  i on  - Io i n rn i ’ i n -  e m t  eci- ’t 1]  p closed

A n- c ’’- I n - i-  ‘ - e i i  i z n h ’ c r i - sp a n - s e  map f av c - i -  a’s in t e gr a l ly c h a s e  I

I - -n - . ’ i - i  P - - l ’ m i I .; - a I r ’ n - n s f ’ c’’- f ’r ; r - ’ t  i on  p a , w h e re  q is in f-act

- -  n - t i n  -, -- , n  
~~ 1-~ ;a”:i a l  en- f ~ nn ’c’- 0 ( see FI LEN FE R G l i - n - ’  I n . Ch apter XVI

H e ’- ’ i - ’ ’  i-a ’ , h o t n ’ P i L E A I I  n i n k , n O ’ I lH\ : ;  I - . Le n- n m ’, ( 1.. ) 1 ) .  ‘~- e  call such

c- i n n - ’ t  ~n irre inrcil -P’ . Pc - ‘ar ;  h t n e m i  ;0 a t e

- 
- ~~~~~~~~~~~~ . -  - —.  

[ .
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(H .’-) PROPOSITION. Let S be an integrally close-I integral domain.

Let f b ea (i, 1)-response irrap over 5, with irreducible tran sfer

function p,q. Then f splits 111 p(p, q) is a unit.

PROOF . The condition p (p, q) = unit is equivalent to the

followi nc requirement : I a (p( M ) , q ( M ) )  ~ 0 for’ all 11 in “. where

p(lvl). q(M) are obtained ‘by reducing modulo 14 tin-c coefficients of

p , q .  But p ( p ( M ) .  q ( M ) )  = 0 precisely when p(M). q(M) have a

c omm on- f a s t - a r .  i. e . when rank f(M) < at. The result follows then

ir-,n -ne - l la te ly  from (f.i). ii

— 
- -  
.:~~~~~~~~~~~~~ t1: . 
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Tifirl CN3E OF REI)UCEI ’) RING S

Recall that a commutative ring S is reduced when R has no

nilpotent elements. (Example: Z
1~

. the integers modulo 10,) If R

is a Noetherin’n reduced ring, let P(s) denote the (finite) set of

minimal prime Ideals  of R. Let 9~(iI ) denote the set of quot ien t

fields of the type R i p ,  p in P ( s ) .

The fol lowing result generalizes (2 .1)  to the case of reduced rings :

(~~.i) THEOREM . Let H he a Noetherian re-iuced r ing .  Then the re-

-n rn (a n ae n -n ap f spl i ts  if and only if:

(1) the numbers r a”k ~ (r  ~ Q) ar-c equal for’ a l l  Q in a(~
).

and,

(ii) for every Id in 0 , rank
51~ 

H (M )  = at , win -ere n is the

common value of rankQ ( f ‘f’ Q).

SKETC H of PHOOF . “ if ” t  Let S := ( R : p
1

) < . . .-r (s n -i ) ,  win-ere

p
1
, . . . .  p are tin -c e len n n ent , s of H(R). Since each B/P. is a

Noetherian integral Inn-main , each f ~) (R/p m
) is realizable and hence f

is realizable as a map over S. But S is a finite extension of B,

so ‘1 is realizable over S. Therefore the canonical state-space

H = X~, is a finitely generated S-module . In s in ( 2 . 1 ) .  it must be

proved t hat  X is p r o i e ct i v e  of rank n .

Let IT be in T • Then R
M 

is also reduced ( POU RPtii~ ~Alg~bre

Commutative , II . f’ . ,  Pr-ap . i ’l ) . The minimal i:lenls of H, correspond

to those minimal ideals of S which are contained in F and  a(
~~

) is

a n -n i - s e t  of Q ( R )  (see BOU’H TIAKI [A lg ~ hre (‘n n r ’ rm u t a t i v e . I I .  P1 . Prop . 
~
).

Therefor e  the result  in th e  InPPE NPIX c -ar m he aj~’ai  at app lin-I . whe re the

- are ~ , m n ’n’ ci c-nc - n i t - s c- c- 
~~~

aonly if”1 This is simila.r to the proof of’ (~~.i).

- . 

It _ _ _
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A H I ’ F I J O T X .  A CRITERIO N FOR FREENES S.

PHI -S-TA . Left S lie a (commutat ive)  local ci  rn-g an - ] w r i t e

R - k  for  the canonic ’- l map in to  the residue f ie ld  k ‘ of S. Suppose
thr r e  Is g iven a family c-f f i e lds  (K~~, H ‘ H - )  m ir n - d -a f a m i ly of r ing

homomorphisms cy R K , such t in -at 1’~ ker  c;. = 0. Let V b e t h  R SXt

and let X ‘be the R-module generated by tire columns of

V. Then a s u f f i c i en t  condi t ion  for X to be a f ree  n snnlnr Pa is -

r -ank ~ (‘p V )  - rnnk k 
(-~-~r~

for  a l l  i n

~OP By def ini t ion of rank over the field k . irV has an n P n

acn s ingu ia r  snibmatrix n-nW , where W is an n x ci submatrix of V. Let

:= det W .  Thus n:~- ~ 0, 1. e. F-i is not in the unique maximal ideal of’

S. By BOURBAKT[ 1A J.g~bre Commutative II.°.l, Proposition i i , n- is a unit

in B. Tot ~~~~, ...
~~ 

w denote those columns of’ V which belong to W .

fll~’nrTy the vectors 1w1 W i  are R- linearly independent , because

= u n i t .

‘Pne i - n - - o f n- -~’ r e t ’ s - c - n ’  f-c n - n - - w i i a~ t T . a t  ‘ n  ‘a -j~~ct  a r - c  w 

c’ m e  n a 1 e X .  n- ri °ac t . l e t ” be any ot iner  - - n - l i o n -n - f l  1. Let

0
1 

r— I c - cr c - Ice t h e  rn--v I nd ices of the suhmnatrix iL Let.

:~~- det ( - a t  .) where

a ’ -c . i f  , i -
~ - ‘ .

:1 ’

-- ‘! I fc_
i

(w. . I s  he i —t Ji e n t r y  of w - -an- i V . is the i — t b  entr ’y of’ v)
1 . 1 1

( an n -  i’ l~-’r

~~~~~~~~~

I - ’  
_ _  

-~ —4
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a -

X :~~ “-V - . ,  T~ , w ° X .
i--i n - e

Th em ; , - .~~x - -  (-~~h ) ( o~ v) - “ (~~~~ ) (~~w~ ) for cac ti H in A. Since

~‘ i n’ -a fl~~j+ , in 5. I t t  fc-ltow s i.!rat. ~~ F , whi ch is equal io det ( w ) .
i s  n in ’n rz - n r ’o  in K . By - lefinition of ranir over a field, - L v  is a unique

K~ - Linear conni)ination of the CY
7~
w~ , and by Cr am er ’s n-n-rile ttr is combination

has the coefficients Oi
~

F- E
/fl
~~
. Therefore C~x =

Hence x is in ker p for each -‘ . Since 1’ker -i~~~ = ( - 1 ,

it- fo l low s that  x — 0 . Therefore v = ~“ 
-

- .- ‘~ - ) w
1

—
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